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IJiTRODUanON 


a  previous  vork.  PJ-I' have  aeeiRied  the  existence  of  a 
geaeffu.  tjrpe  of  convection-diffusion  theorem  in  continutsm  mechanics, 
and  it&ve-  att^ed,  the  properties  of  tiiis  type  of  theory*  In  this 
report  I-deBonatrate  Uiat,  given  a  tensor  of  any  order  associated 
>dtJ»  tile  motion  of  a  continum,  at  least  one  such  theorem  exists. 


p.  M/lTHEM^TirAL  HiELLMlHARIES 


I  essentially,  the  notaticns  and  assisnptions  of 
Truesdell  and  Toupin  [2] .  k  short  synopsis  is  inclxjded  here  in 
order  to  nake  this  work  essentially  self-contained.  It  is 
sised  that  this  work  is  foimal  in  nature.  In  particular, 
statements  concerning  smoothness  conditions  on  functions  are  sel“ 
does  made.  In  general  it  is  understood,  as  in  formal  works  on 
differential  geometry,  that  all  functions  are  smooth  enou^  to 
accosa&odate  the  maniptdation  psrfomed  and  render  the  results 
meaningful.  No  distinction  is  made  between  a  function  and  its 
values,  except  idiere  confusion  would  result  if  this  distinction 
were  not  made. 

the  results  drived  herc  are  valid  to  ^lelldfin  ^ffee-  ■- 
dlmen^onal  space.  In  such  a  space  a  rectangular  Cartesian 
coordtoate  i^ctem  al>^ys  exists.  Wc-  denote  points  to  this  systeei 
by  the  ^mbols  Z^z,  A  motion  is  a  cne-paraoeter  maifdng 

.  ^  S(Z,t),  Z  »  2(s5,t),  (0.1) 

where 't  is  a  real ‘■valued  parameter  interpreted  as  the  time.  A 
poto%  .e  called  a  *  point  z  is  called  a  rlace,  or 

space*"^  ctot. 

We  choose  a  atogle  c‘urvllinear  coordtoate  system  given  by 


X  •  g(*),  X  =  g(Z), 

9  <w  <w  'w 


»*ere  g  is  the  same  function  in  bott»  equations.  The  X  are  call«i 
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aatefial  coordiaatea.  and  the  x  are  called  spt.ls.l  coofdiiates* 

It  is  convenient  to  use  tvo  systmo  of  notation  'Oie  no¬ 
tation  of  general,  double  tensors  is  used  when  it  is  dosired  to 
^jqphasize  the  ccmponents  of  an  equation* .  Here  capital  '^.csaan** 
indices  denote  quantities  idiich  transform  as  tensors  with  resspect 
to  changes  in  the  material  coordinates  X,  and  lower-case  Rc«ian 
indices  denote  quantities  which  transform  as  tensors  with  inspect 
to  tiie  spatial  coordinates  x***»  diagoml  sunmtion  convention 
is  used,  and  all  ireiioes  have  the  values  1>2,3. 

When  disi^y  of  indices  would  cloud  the  physical  signif¬ 
icance  of  an  eqiiatlon,  direct  notation  is  used. 

Let  arc  lengths  at  X  and  x  be  glv^  by 

* 


ds^  «  i^^dx^dx^  f 


(0.3) 


and  are  the  caa^wnents  of  the  contravariant  material  and 
spatial  metric  tensors*  Cidstoff el  i^fiibols  based  on  these  tensors 
are  defined  in  the  tisual  manner. 

Let  9^XfX)  be  the  coe^nents  of  a  sdx^  double  tensor 
field*  The  rotation  dei»tes  the  covariant  derivative  of  # 


^kni^le  tensor  fields  are  discussed  in  greater  detail  in  [  3^  • 

•’^his  is  a  slight  departure  froa  the  notation  of  [l] ,  which  uses 
lower-case  (^eek  indices  in  this  situation  and  i^^r-case  Roman  in¬ 
dices  then  ^e  spatial  and  material  coordinates  are  Independently 
selected. 


•• 


%ie  receptions  are,  of  course,  the  sets  of  coordinates  X,  X^J  x. 
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with  respect  to  when  the  are  held  constant.  This  derivative 
is  called  tlie  partial  covariant  derivative  *.  and  is  denoted  by  a 


A,B 


(0.4) 


■vdiere  is  perforaed  wil^  al3.  of  the  x^,  and  all  of  the  X^, 

D  ^  B,  held  constant. 

The  partial  co*«a'iant  derivative  with  respect  to  spatial 
coordinates  is  defined  in  an  analogous  manner* 

Let  a  one-parameter  maiping  between  x  aiKi  X  be  given  by 
the  ccc^site  of  (C.l)  and  (0.2)^ 


X  *  x(X,t)  ,  X  *=  X(x,t)  .  (0.5) 

^  M  ^  ^  m 

The  total  covariant  derivative  of  a  mixed  double  field  t‘.ll(x,X)  is 
given  by 


(C.6) 


Biis  derivative  has  Qte  propertd.es  that  when  f.';;  is  of  the 
fons0^(X)  or  (x),  »en  5jg  reduces  to  or 

respectively,  and  if  the  operation  JE  is  perforaed  on  ^(x,X)  then 


*  This  discussiim  on  partial  and  total  covariant  derivatives  is 
based  on  £33* 
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det  (^)  . 

sr 


^  detg. 


(0,14) 


’AB 


The  velocity  of  a  particle  is  given  by 


•a  _  3x^ 

^  ~W 


(0.15) 


where  the  partial  derivative  is  taken  vdth  X  held  constant. 

Let  ^(x.X.t)  be  a  double  tensor.  The  material  derivative 

^  ^  _ 

of  0  is  the  double  tensor  with  components 
d  V.-. 


MM  =:  4*  *5^ 

dt'®-  51  • 


(0.16) 


where  the  partial  time  derivative  is  taken  with  both  x  and  X  held 

^  V 

fixed,  and  ,  denotes  the  partial  covariant  derivative  with  respect 

g  ^ 

to  X  .’  This  derivative  is  a  double  tensor  whose  value  is  independent 
of  whether  x  is  replaced  by  x(X,t).  It  is  often  convenient  to  write 

In  this  work,  we  adhere  to  the  convention  that  either  trie 
material  or  the  statial  description  is  used,  but  not  both.  That  is, 
all  functions  are  written  in  terms  of  x  and  t,  or  in  terms  of  X  and 

t. 

It  is  well-known  that* 


=  X 

:^J  X  X 


(0.17) 


[1],..§76. 
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Let  J  be  given  by  (0.14)»  Then  Euler *s  expansion  formula 


ie 


(0.18) 


The  acceleration  is  defined  by 


X 


(0.19) 
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1.  A  COMMUTATION  FORMUIA 


Consider  a  double  tensor  field  vdth  components 

We  have 


By  (0,9)^»  (1»2)  bocOTses 


n.-.  «  ^  »ic  rc„,Bc;E, 


(1.- 


X..Dc,e 

aivl  by  tl:e  convention  xhat  on]^  the  material  or  the  spsti^  descrip- 


tion  is  used,  but  not' both,  .we  have 

^A<.*3a  e  _ 

^C*..Dc,e  ^  ^C/.vDc,E. 


Bj  (1.4)  th«  fc  ‘  ■alfi';<rantiiating..prodiiC;^  cf 


functions 


'^^C„,Dc,  E''  a^^®r.=,Sci#^  *F/  ^ 


-*  mS4^  --  j 

•  4r^C...i)c,s^--  :^S  “  ^wS£,e  ^ 


/  **  r  V' 

5,x^5-; 


Bv"  ft  ccsKi?it£tir-ii  C;.!.?^  Ijecocass 


^a.-.0c,2'  "'>C..,_,De.,e  ^  »E  ^C%.^C,k  ^  ^e  ^  ^E 


By  (0.17)'*  bl?c<iies_ 


dt^C...Pc,’:^  '  %..Dc,e  ^  ^E  %-..Dc,k  ^  »e  ^  'E 


(1.6) 


A...Bft  .e  k 
C...Pc,e  ^  *k  *  ^E  * 


(1.7) 


The  last  two  teans  in  (i.7)  cancel*  giving 


\  |A...Ba  c 

d^C...Dc,E'  ^C...Dc,e  »] 


(1.8) 


By  (1.4),  (1.8)  is 


3t^C...Dc,E^  ^G...Dc,F  » 


(1.9) 


C2],p.  338. 
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for  a  tensor  of  the  fom  considered  srd  tta  ps.rtj/i?.  cov&riant 

^  QK‘  ^  - 

<isriv&tiv«  c^^iutec 

In . fact »  the  proof  given  above  extends  easily  to  the 
^nersl  case  of  any  tensor  function  with  any  oojnbination  of  covariant 
cantravariant,  aaterial  and  spatial  indices.  That  is^  for  any 
tensor  ftatetion  i  of  the  type  considered  hore^  and  coasaute. 

U  V  ‘ 


GRAI}  J^»®Sri  /  (1-10) 


A  formula  a^ogous  to  (i.lO)  but  containing  a  spatial 
gradient  ist  Usihg  (I.IO)  and  nn  obvio-os  generalization  of 

(1.4),  we  have; 


dV'e 


(I.n) 


By  the  Icreaa  {0.17)>  this  deceases 


(i.ia) 


Hultiplying  (1.12)  by  3C^,g,  using  (0.8),  and  rearranging  sooe 
indices  gives 


.k 

, 


e' 


-  grad  t  .  grad  x  , 


(1.13) 
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which  is  the  desired  result. 

The  ©quaticna  (i.lO)  and  (1.13,  are  eqxiivalent.  It  will 
be  shown  that  either  can  be  used  in  deriving  a  certain  special  but 
iasgortant  type  of  convection-diffusion  theorem. 
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2.  general  convechon-diffusion  theorems 

A  svurvey  of  recent  developoents  in  convection-diffusion 
theory  ar^  a  study  of  the  properties  of  a  convection-diffueion 
theorem  of  a  very  general  type  have  been  given  in  p-].  In  this 
. section  I  demonstrate  that,  given  a  property  of  a  particle  of  a 
continuum,  vdth  the  property  expressed  as  a  tensor  of  a  certain 
fora,  there  is  always  a  convection-diffusion  theorem  for  that 
property.  Furthermore,  this  convection-djffusion  theorem  is  a 
special  case  of  the  type  studied  in  [  1]  . 

Consider  a  con^wsite  deformation  gradient  F^l'  *  (no  sum- 
aatlon  on  n).  An  explicit  form  for  its  material  derivative  has  been 
given  in  Cl]  .  It  is 


2* 

T  **1  ^*r**H-i  H+i"**n 

i«l  ^  *1*"H+1  *i+l'"  n 


(2.1) 


An  easy  calculation  leads  to 

^  *  »v  ‘A  A  A  A  A  ' 

*r***n  i=l  *l*"*i-l  *i  ^i+l-'-'^n 


‘i+1— ^n 


1 

i*r‘'^n  ^  r  „*i'"\-i  ^  *i+i— S 

fL"'^n  i=l  ^  ^-"^i-l  ^i  ^i+l-^n 

^•**Vi  \ 

Defining  St-^  .  in  the  obvious  manner,  we  have 


(2.2) 


(2.3) 
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i  i 

i  r 

•i  ii 

i  Y 

I  ^ 

j  r 

f  ^ 

I 

I 


h  4  *S,^  ,*"  +x^„F,^  , 

H*'*^n  V'^n-1 


(2.4) 


Consider  a  tensor  vith  covariant  coo^nents  a^  Fonn 

the  material  expression  a_  ,  Ft***n*  Tnen 

&*»«U  A#*a0 


dP'^a-.-b  ~  \...b  U...B  V..b  ^‘.'b  * 


_  Q./_ 

V. 


(2.5) 


Integrating  along  the  path  of  a  particle  yields 


O  A' 


...B  ^V..b  ^t’i.B  V..b  (2^5) 


vdiere  A.  tj  is  the  value  of  a  v  at  t=0.  Using  the  definitions 

A*  •  «<0  A*««u 

(0.12)  and  (0.13)  and  the  property  (0.8),  we  obtain  frm.  (2.2)  the 
i^eneral  convection-diffiieion  theorem 


a...b 


'A...B  J  '*c...d‘A...B  'c 


o*.'d  t  1  ^Af«.B 

.  TJ  +a^  ^4  njdt{  * 


J 


(2.7) 


This  equation  states  tdxat  ^e  present  value  of  a  associati^  with  a 
particular  particle  is  the  result  of  two  processes.  The  first, 
expressed  by  the  term 

,  ^...B 

^a...b 

is  the  <^ft  of  the  initial  value  of  a  to  its  present  position,  ar^ 
is  independent  of  the  intervening  motion.  It  is  called  convectluit. 

n 

This  can  be  fva*ther  simplified  by  using  (2.2). 


13 


The  second  ptocesB,  repressed  by  the  integral 

/(a  5iC*..d  I  ^^***? 


is  callsd  diffusion*  It  is  seen  that  diffusion  is  a  functional  of 

the  histories  of  ^  ai^  ^e  motion.  It  has  been  pointed  out  by 

Bassaan  [4]  that  convection  and  diffusion  are  not  unique  processes. 

The  special  case  of  (2.7)  ^ere  a  can  be  written  as  the 
< 

spatial  gradient  of  another  tensor  is  of  considerable  interest  in 
sentinum  mechanics.  Let  there  exist  a  tensor  b  such  that 


V.be  *  V.b,e  * 


(2.S) 


The  appropriate  fom  of  (2.?)  is 


\..b,e“  ^c.»d,f 

!■  ^  Q 


(2.9) 


By  (1.13) »  this  becomes 


®a..*b,e  “  f®A...B^  *  "  ^c.„d,u 


Substituting  (2.4)  into  (2.10)  ^ves 


BE 

be  • 


(2.10) 


v»  *  R  +  C  (ii  ■pC...df 

•^a^.b^e  j  '  c...d,f  A...BE 


(2.11) 
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Mo$t  of  the  convection-diffusion  theoreas  fazniliar  in  continuwa 
mechanics  are  consequences  of  (2*11). 

The  important  relation  (2*11)  can  be  derived  by  an  alter¬ 
nate  method.  Form  the  material  eaqjression  b  .  „  Pf***o.  By  the 
ccasmutaticn  formula  (l.lo) 


6l  fc 

-^b  F  *  )  «  b  ^  ,  ^..,b 

dt  a..,b,ii  \..b,E  '  \...b,E  ^...B  ^ 


(2.12) 


iddch  by  the  generalization  of  (1.4)>  is 


pa...be\  _  /  pa,..be 

d^  a,..b,e  'A...BE''  *“  a.,.b,e  ^,.BE 


V..b,. *■!  • 

The  result  (2.11)  follows  by  the  obvious  sequence  of  steps. 


(2.13) 
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